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1. Introduction

Let H be a Hilbert space, let C1,Cs, ... , C, be nonempty closed convex subsets
of H and let I be the identity operator on H. Then the problem of image recov-
ery in a Hilbert space setting may be stated as follows: The original (unknown)
image z is known a priori to belong to the intersection Cj of r well-defined sets
C1,Cs, ... ,C, in a Hilbert space; given only the metric projections P; of H onto
C; (i=1,2,...,r), recover z by an iterative scheme.

Recently, using the weak convergence theorem by Opial [7], Crombez [4] proved
the following: Let T = apl + >;_, & T; with T; =T+ Xi(P; — I) forall 4,0 < \; <
2,0;>0fori=0,1,2,...,r, Y ;_,a; =1, where each P; is the metric projection
of H onto C; and Cy = (), Ci is nonempty. Then starting from an arbitrary
element x of H, the sequence {T™z} converges weakly to an element of Cj.

Let C be a nonempty closed convex subset of H. Then a mapping P on H
is the metric projection onto C' if and only if, for every x € H and y € C, (z —
Pz, Pz —y) > 0. So, the metric projection of H onto C is a sunny nonexpansive
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retraction, that is,
P(Pz+t(z—Pz))=Px foreveryzeCandt>0

and
[Pz — Pyl < |lz—yl|  for every z,y € H.

In this paper, we deal with the problem of image recovery in a Banach space
setting. We first prove (Theorem 4) that an operator given by a convex combi-
nation of sunny nonexpansive retractions in a uniformly convex Banach space is
nonexpansive and asymptotically regular. Further, we prove (Theorem 5) that the
set of fixed points of the operator is equal to the intersection of the ranges of sunny
nonexpansive retractions. Using Theorems 4 and 5, we prove the weak convergence
theorem (Theorem 6) for the operator. Finally (in Section 4), using Theorem 6, we
coﬁsider the problem of finding a common fixed point for a finite commuting family
of nonexpansive mappings in a Banach space.

2. Preliminaries

Let E be a Banach space and let C be a nonempty closed convex subset of E.
Then a mapping T of C into E is said to be nonexpansive if | Tz — Ty|| < ||z — y||
for every z,y € C. Let T be a mapping of C into E. Then we denote by F(T) the
set of fixed points of 7' and by R(T") the range of T. A mapping T of C into E is
said to be asymptotically regular if, for every x € C, T"z — T" g converges to 0.
Let D be a subset of C' and let P be a mapping of C into D. Then P is said to be
sunny if

P(Pz + t(z — Px)) = Px

whenever Px +t(z — Pr) € C for z € C and t > 0. A mapping P of C into C is
said to be a retraction if P2 = P. If a mapping P of C into C is a retraction, then
Pz = z for every z € R(P). A subset D of C' is said to be a sunny nonezpansive
retract of C if there exists a sunny nonexpansive retraction of C onto D.

Let £ be a Banach space. Then, for every € with 0 < & < 2, the modulus 6(e)
of convexity of E is defined by

z+y
2

5(e) = inf{l - ' el <1,y < 1,1z~ vl > }

A Banach space E is said to be uniformly convez if §(c) > 0 for every e > 0. E is
also said to be strictly convez if || Z£%|| < 1 for #,y € E with ||z < 1, ||y|| < 1 and
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x # y. A uniformly convex Banach space is strictly convex. We can also prove the

following lemma.

LEMMA 1. Let E be a uniformly convex Banach space. Then for given € > 0,
R >d >0 and X € [0,1], the inequalities ||z|| < d, |ly| < d, |z —y| > € imply
6(e/R) >0 and Az + (1 — Ny < d{1 —2X(1 — N)é(e/R)}.

A closed convex subset C' of a Banach space F is said to have normal struc-
ture if for each closed bounded convex subset K of C which contains at least two
points, there exists an element of K which is not a diametral point of K. It is well
known that a closed convex subset of a uniformly convex Banach space has normal
structure and a compact convex subset of a Banach space has normal structure.
We also know the following.

THEOREM 1 [5]. Let E be a reflezive Banach space and let C be a nonempty
bounded closed convex subset of E which has normal structure. Let T' be a nonex-
pansive mapping of C into C. Then F(T) is nonempty.

Let E be a Banach space and let F* be its dual, that is, the space of all
continuous linear functionals f on E. Let U = {x € E : ||z]| = 1} be the unit
sphere of E. Then the norm of E is said to be Gateauz differentiable (and E is said

to be smooth) if
oo Nl tyl — |z
t—0 t

exists for all z and y in U. It is said to be Fréchet differentiable if for each z
in U, this limit is attained uniformly for y in U. It is also said to be uniformily
Fréchet differentiable (and E is said to be uniformly smooth) if the limit is attained
uniformly for z,y in U. The following theorem is proved by Bruck (3]; see also [6].

THEOREM 2 [3]. Let E be a uniformly conver Banach space with a Fréchet
differentiable norm and let C be a nonempty closed convex subset of E. Let T be
a nonezpansive mapping of C into C. Then the set

ﬁ co{T"z:n>m}NF(T)

m=1

consists of at most one point.
Using Theorem 2, we can prove the following; see [3] or [6, 11].

THEOREM 3. Let E be a uniformly convex Banach space with a Fréchet differ-
entiable norm and let C be a nonempty closed convex subset of E. Let T be an
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asymptotically regular nonezpansive mapping of C into C with F(T) # . Then,
for each z € C, {T"xz} converges weakly to an element of F(T).

PROOF. Let x € C and take y € F(T). If B is the closed ball of center y and
radius ||z —y||, then K = CN B is bounded and invariant under T So, by [2], I =T
is demiclosed on K, i.e., if {z,} converges weakly to z and {z, — Tz, } converges
strongly to 0, then (I — T)z = 0. Since {T"z} is bounded and E is uniformly
convex, there exists a subsequence {T™ix} converging weakly to an element z of
K. Since T is asymptotically regular, {(I — T)T™z} converges strongly to 0. By
demiclosedness of T, we have z = T'z. Since {z} = o._, {T"z : n > m} N F(T)

from Theorem 2, {T"z} converges weakly to 2.

3. Weak convergence theorem

Throughout this paper, we denote by I the identity operator. Our weak con-
vergence theorem (Theorem 6) will be based on the following general theorem. The
proof is due to an idea of Crombez [4].

THEOREM 4. Let E be a uniformly conver Banach space and let C be a non-
empty closed convex subset of E. Let S be an operator on C given by S = ol +
S 1BiSi, 0 < Bi <1 fori=0,1,...,r, 37 B =1, such that each S; is
nonezpansive on C and (\;_, F(S;) is nonempty. Then S is asymptotically regular.

PROOF. Let z € C and take v € F(S). We may assume z # u. Putting
z, = S"z for every n = 0,1,2,3, ..., the sequence {|lz, — u||} is nonincreasing
since S is nonexpansive. From

Tpy1 — U= 8T, —u

_ _ ey B e

= Bo(zn u) + (1 ﬂO) ; 1— 34, (Sﬂ:n u)a
or

Trt1 —u = Po(Tn —u) + (1 — Bo)zn
with

Zn = ; 1 fiﬁo (SiTn — u),
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we have

<Y TS~

i=1

—u)

llznll =

=1

Z

5, 1 = ull = llzn — vl

and hence ||z, || < ||zn, — ul].

We now show that the sequence {z, — u — z,} has a subsequence converging
to 0. If not, there exist € > 0 and a positive integer ng such that ||z, —u—z,|| > €
for all n > ng. Then applying Lemma 1, we obtain

1241 — ull = [1Bo(@n — u) + (1 = Bo) 2l
< low — {1~ 26000 - B0 75 )}

. € n+l—np
< lom, —ul{1- 2800 8055 )}

|z — |

Since 0 < fp < 1, we have limy, 0 |Zn — u|| = 0 = limp oo || 20 ||. S0, {zrn, —u—2,}
converges to 0. This is a contradiction. Thus, some subsequence {z,, — u — zp,}

converges to 0. Since {||z, — Zn41||} is nonincreasing and

Zn — Tntl = Tn — {8+ Bo(®n —u) + (1 = fo)zn}
=(1-fo)(zn —u—2z),

we see that z, — 1 converges to 0. It now follows from z, —zp41 = S"z— "1z

that S is asymptotically regular.
The following lemma is crucial in the proof of Theorem 5.

LEMMA 2. Let E be a strictly convex Banach space and let C' be a nonempty
closed convez subset of E. Let P be a sunny nonexpansive retraction of C onto D
with D C C and let x € C. If |Px—y| = ||z — yl| for some y € D, then Pz =z.

PrOOF. We may assume z # y. Since P is sunny and %:r +1iPzecC,

1.1 1 _
P(§w+ —2-Pa:) = P(P:L‘+ 5(:1: Pm)) =
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So, we have
1
|1Pz -yl = P(--’E + —Pm) - Py”

1
<llzz+ —Pz—yH

= |5e-n+5e-n|

IA

Sllz vl + 5Pz ~y]

< |l - yll,
and hence [|[Pz—y| = ||3(z—y)+5(Pz—y)|| = ||lz—y||. On the other hand, assume
Pz # z. Then Pz —y # x —y. Since E is strictly convex and |Pz —y|| = ||z —y],
we have ||3(Pz — y) + 1(z — y)|| < ||z — y||. This is a contradiction. Therefore,
Pz =g.

THEOREM 5. Let E be a strictly convez Banach space and let C be a nonempty
closed convex subset of E. Let C1,Cq, ... ,C, be sunny nonexpansive retracts of C
such that (;_; C; is nonempty. Let T be an operator on C given by T = STy,
0<o;<l,i=1,2,...,7, >, a; =1, such that for eachi, T, = (1—\)I+ AP,
0 < A < 1, where P; is a sunny nonexpansive retraction of C onto C;. Then
F(T) = N;= Ci-

PROOF. It is obvious that ();_; C; = (;_, F(T;). So, it is sufficient to show
F(T) € (;—; C:. Let z € F(T). Then, for any y € (;_, C;, we have

|z —yll = |Tz — Tyl
Z o; Ty — Z a; Ty
=1 i=1

T r
<Y aillTio - Tyl < Y eulle—yll = o — 3]
i=1 =1

zr: a;(Tix — Tyy)
=1

and hence | T;z — Tyl = |z —y|,i=1,2, ... ,r. So, for each 1,
lz =yl = ITsz — Togll = (1 = Xo)(= — ) + M(Piz — Puy)|
<A =NM)llz -yl + Ml Piz — Pyl
<A =Mz -yl + Aillz — yll = llz -yl

and hence ||z — y|| = ||Piz — Piy|| = [|Piz — y||. So, it follows from Lemma 2 that
Pyz = z. This implies z € C;. Therefore, z € ;_, C:.
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Now we prove a weak convergence theorem for nonexpansive mappings given

by convex combinations of retractions.

THEOREM 6. Let E be a uniformly convex Banach space with a Fréchet differen-
tiable norm and let C be a nonempty closed convex subset of E. Let Cy,C,, ... , Co
be sunny noneipansive retracts of C such that ();_, C; is nonempty. Let T be an
operator on C given by T =37 oT;, 0< oy <1,i=1,2,...,r, Yoo =1,
such that for each i, T; = (1 — M) + AP, 0 < Ay < 1, where P; is o sunny
nonezpansive retraction of C onto C;. Then F(T) = (\._, C; and further, for each
z € C, {T"z} converges weakly to an element of F(T).

PROOF. Since F is uniformly convex, E is strictly convex. So, we have F(T)=
Nizy F(T) = ;—; Ci by Theorem 5. Let T; = (1—A)I+ X P;, 0 < \; < 1 for each
t=1,2,...,7, where F; is a sunny nonexpansive retraction of C onto C;, and let
T=3_,0T,i=12,...,n, > a; = 1. Choose 8 such that oy \; < §; < a;
and set g1 = A1 /B Then 0< 81 <1,0< py < 1 and

a1y = o1 {(1 — A+ APy}
=al —ao I +o Py
= (a1 = B + 1 — Bl + 1 p1 Py
= (o1 — B + Bo{(1 — )] + p P1}.
So putting T} = (1 — p1)I + 1 Py, T{ is nonexpansive and T' = a; T + Yol =
(a1 — B + BT + ;o &;T;. By Theorem 4, T is asymptotically regular. So, it

follows from Theorem 3 that for each = € C, {T™z} converges weakly to an element,
of F(T).

4. Additional results

In this section, we first prove a fixed point theorem using Kirk’s fixed point
theorem (Theorem 1). Before proving it, we give definitions and notations. Let
# be a mean on the positive integers N, i.e., a continuous linear functional on £,
satisfying ||u|| = 1 = pu(1). We know that u is a mean on N if and only if

inf{a, : n € N} < p(a) < sup{a, : n € N}

for every a = (a1, 02, ...) € £s. Occasionally, we use u,(a,,) instead of ula).
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THEOREM 7. Let E be a reflezive Banach space and let C be a nonempty closed
convex subset of E which has normal structure. Let C1,Ca, ..., C; be bounded sunny

nonexpansive retracts of C. Let T be an operator on C given by
r ™
T=Y T, 0<o<l, i=12..,r dai=1,
i=1 i=1

such that for each i, T; = (1 — X)I + MP;, 0 < Ay < 1, where F; is a sunny
nonezpansive retraction of C onto C;. Then F(T) is nonempty.

PROOF. Let z € C and consider a closed ball Bg[z] of center z and radius R
containing all the sets Cy,Cs,...,Cr. Then, sup{||z —T"z| : n=1,2,3,...} <R
and hence {T™z} is bounded. Let y be a Banach limit and define a real valued
function g on C by

9@y) = pallT"z ~yll, yeC.

Then the set M given by
M={z€C : pa|T"z ~ 2| = mig pn | T"z — ¢}

is nonempty, bounded, closed and convex. In fact, the function g on C is continuous
and convex. Further, if ||y, | — 0o, then g(y.) — co. By [1], there exists an element
z of C such that g(z) = min{g(y) : y € C}. Also, since {T™z} is bounded, M is
bounded; see [9]. The set M is also invariant under 7. In fact, if z € M, then

pnl|IT"x = Tz|| = pau|| Tz — T2
< un| T — 2|| = xin po || Tz — 3|

and hence Tz € M. So, by Theorem 1 (Kirk’s fixed point theorem), there exists an
element zg of M such that T'zg = xp.

Using Reich’s theorem [8], we obtain the following lemma. related to the exis-

tence of sunny nonexpansive retractions.

LEMMA 3. Let E be a uniformly convez and uniformly smooth Banach space and
let C be a nonempty closed convex subset of E. Let T be a nonezpansive mapping
of C into C with F(T) # 0. Then the set F(T) is a sunny nonezpansive retract of
C.

PROOF. Put A =I1—T. Then A is an accretive operator satisfying C = D(A) C
MNr>o R(I+7A) and A~10 = F(T). So, by [8, 10], lim;_,« J;z exists for every z € C,
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where J; = (I +tA)~! for each positive number ¢. Putting Pz = lim; o Jix for
every € C, P is a sunny nonexpansive retraction of C' onto F(T'); see [8, 10].

Using Lemma 3, we prove the following.

THEOREM 8. Let E be a uniformly conver and uniformly smooth Banach
space and let C be a nonempty closed conver subset of E. Let {S1,5s,...,5,}
be a commuting family of nonezpansive mappings of C into C with F(S;) # 0 for
alli=1,2,...,r. Let T be an operator on C given by

r r
T=Zaiﬂa 0<a;i <1, i=12,...,m Zaizla
i=1 i=1

such that for each i, Ty = (1 — M)I + M\P;, 0 < A; < 1, where P; is a sunny
nonezpansive retraction of C onto F(S;). Then F(T) = (\;_, F(S:) is nonempty
and further, for each z € C, {T"z} converges weakly to an element of F(T).

PROOF. Since F is strictly convex, F(S1) is nonempty, closed and convex. Fur-
ther, F(S1) is invariant under Sp. In fact, if z € F(S1), then §15z = S5z = Spx
and hence Syz € F(S1). Since F(S2) is nonempty, for each z € F(S;), {Spz} is
bounded and {S%z} C F(S1). So, F(S1) N F(S2) # (. Similarly, we can show that
Niz1 F(S:) # 0. By Theorem 5, it is obvious that F(T) = (\,_, F(S;). It follows
from Theorem 6 that for each x € C, {T"2} converges weakly to an element of
F(T).
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