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Abstract. The present paper studies two approaches to the expressiveness
of propositional modal logics based on first-degree entailment logic, FDE.
We first consider the basic FDE-based modal logic BK and certain systems
in its vicinity, and then turn to some FDE-based modal logics in a richer
vocabulary, including modal bilattice logic, MBL. On the one hand, model-
theoretic proofs of the definability of connectives along the lines of [7] and
[17] are given for various FDE-based modal logics. On the other hand,
building on [10], expressibility is considered in terms of mutual faithful
embeddability of one logic into another logic. A distinction is drawn be-
tween definitional equivalence, which is defined with respect to a pair of
structural translations between two languages, and weak definitional equiv-
alence, which is defined with respect to a weaker notion of translations.
Moreover, the definitional equivalence of some FDE-based modal logics is
proven, especially the definitional equivalence of MBL and a conservative
extension of the logic BK® x BK", which underlines the central role played
by BK among FDE-based modal logics.
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Introduction

The present paper studies two approaches to the expressiveness of propo-
sitional modal logics based on first-degree entailment logic, FDE. To be-
gin with, we consider the basic FDE-based modal logic BK and certain
fragments of it that make use of different implications. Then we turn
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to some recently studied FDE-based modal logics in a richer vocabulary,
including modal bilattice logic, MBL, [12].

In the first approach, expressiveness is understood in terms of the
definability of logical connectives. A set of connectives is expressively
complete if from that inventory of connectives every semantically possi-
ble connective can be explicitly defined. For many-valued logics, includ-
ing two-valued classical logic, expressive completeness means functional
completeness. Given a many-valued logic and a finite set of n-ary truth-
functions, if every possible n-ary truth-function of the logic in question
can be obtained by finite compositions of members of the given set of
truth-functions, this set is called functionally complete. In particular,
the search space for the functional completeness result is well defined,
namely the class of all possible n-ary truth-functions. For a relational se-
mantics as for FDE-based modal logics, however, it is not clear what the
search space should be, since on the one hand the verification (support of
truth) conditions and the falsification (support of falsity) conditions are
given in terms of metalogical verification and falsification clauses. On
the other hand, the definitions of the modal operators rely on an acces-
sibility relation between worlds, which can not be expressed in terms of
many-valued truth-functions. Our strategy for obtaining results about
the definable connectives is therefore somewhat different from that for
many-valued logics. Nevertheless, in conformance with [7], we will speak
of functional completeness in our consideration of the class of definable
connectives for various FDE-based modal logics.! This development fol-
lows the lines of [7] and [17], where results about the class of definable
connectives were given with respect to intuitionistic logic and various
constructive modal logics with strong negation. We will first restrict the
class of expressible metalogical verification and falsification conditions,
and then show that within the so defined class, all metalogically express-
ible verification and falsification conditions can be expressed by object
language formulas of the respective logics.

The second approach considers expressibility in terms of mutual

L There are several other papers that investigate some notion of functional com-
pleteness. However, despite its title, the paper [3] is not about the definability of
logical operations in systems of modal logic, but rather about embedding a deductive
metatheory into the object language. In [15, 16] a space of possible connectives is
given neither by a class of truth-functions, nor by a class of verification and falsi-
fication conditions, but instead by schemata for left and right introduction rules in
sequent calculi.



ON DEFINABILITY OF CONNECTIVES . .. 633

faithful embeddability of one logic into another logic. Here, a distinction
is drawn between definitional equivalence, which is defined with respect
to a pair of structural translations between two languages, and weak def-
initional equivalence, which is defined with respect to a weaker notion of
translations, namely with respect to weak structural translations. Suffi-
cient conditions will be stated under which weak definitional equivalence
implies definitional equivalence, and it will be observed that the presence
of the constants b and n for the glutty and the gappy truth value, respec-
tively, of FDE may lead to definitional equivalence. In particular, the log-
ics BK™+7 BK';ZS, and MBL turn out to be definitionally equivalent. In
order to stretch the results about the definability of logical connectives to
these logics, we will extend the metalogical vocabulary for defining verifi-
cation and falsification conditions to contain metalanguage counterparts
of b and n as well as operations standing for the lattice meet and lattice
join with respect to the information order in logical bilattices, cf. [1].

The paper is organized as follows. In Section 1 we will recall the
semantical definitions of the systems Kypg, KN4, BK”~, BK", BK,
and BK"+"-, BK';ZS, MBL. In Section 2 we will explore the classes
of definable logical connectives for Kppg, KN4, BK”~, BK"” and BK. In
Section 3 we will proof definitional equivalence for some modal extensions
of FDE and in Section 4 we will investigate the classes of definable logical
connectives for BK™+~ BK';ZS and MBL. Finally, Section 5 contains
some concluding remarks.

1. FDE-based modal logics

Almost all logics considered in this section were studied in [10], and
although their presentation here will be self-contained, we refer the in-
terested reader to that paper for further information, including presen-
tations of some axiomatizations and tableau calculi.

In order to semantically define the respective FDE-based modal logic,
the metalogical language is a two-sorted first-order language containing:
e all formulas in the language of L as the first sort of individual vari-

ables, where L ¢ {Kppg, KN4, BK"~ ,BK", BK, BKD+D*,BK'ZZS,

MBL},

e a non-empty denumerable set V' of information state variables as the
second sort of variables,
e the classical connectives A, V, =, —,
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e the classical quantifiers ¥ and 9,

e the binary predicate symbols IF*, -~ and R.
The metalanguage is then defined as follows:

state variables: w € V,

object language formula variables: A,

atomic formulas of the metalanguage: «,
formulas of the metalanguage: ¢,
az=wlFtA|lwlF~ A wRw,
pu=al=pleAp|oVelparo| Vel I
Bi-implication, «», is defined as usual.

1.1. Semantics for Kgpg, KN4, BK”~, BK", and BK

The languages Lk, = {V, A, ~, 0}, Lxng = {V, A\, =, ~, 0}, Lggo- =
{\/, Ny =y~ D}, Lpke = {\/, N, —, ~, 0O, J_} and Lpg = {\/, N, =, ~,
0, <, L} are based on a non-empty countable set of atomic propositions
Prop. We denote by Form(L), where L stands for the respective logic,
the set of formulas defined as usual, formulas by A, B, C, etc., and sets
of formulas by I', A, X, etc.

An L-model is a tuple M = (W, R,v™, v~), where W is a non-empty
set of information states (possible worlds), R C W x W is an accessibility
relation on W, and vt and v~ are functions v*,v~: Prop — 2. We
now define verification and falsification relations I and I~ between
worlds and formulas in a model M as follows:?

wlFT piff w € vT(p);

wlE" piff w e v (p);
wlFT AABiff (wiFT AAwIFT B);
wlF~ AANBiff (wlF~ AV wlF~ B);
wliFt AV B iff (wliFt Avw -t B);
wlF~ AVBiff (wlF~ AANwlF" B)

wlFT ~AiffwlF A;

wlF ~Aiff wlFT A;
wlFt A — Biff (wlFt A— w IFT B);
wlF~ A — Biff (wlFT AAwIF B);

)

?

2 Since the metalanguage is classical, all classical equivalences hold in the meta-
language.
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wlFt A= Biff (wlF" A= wl-" B)A (wlF~ B—wl-— A));
wlF~ A= Biff (wlFT AAwIF B);
=(w - L) wlF™ L
wlFT 0A iff Vu(wRu — u - A);
wlF" OA iff Ju(wRu Aul-" A);
wlFT CAiff Fu(wRu AulFt A);
wlF™ CAiff Vu(wRu — ul-— A).

We say that a formula A is true at world w in an L-model M iff
w IFT A. We say that a formula A is true in an L-model, M I A, iff A
is true at every world w from M’s set of worlds. A formula A is L-valid,
FL A, iff Ais true in every L-model. Finally, a set of formulas I" entails a
formula A in L, I F; A, iff for all L-models M and worlds w, if w IFT B,
for all B € I', then w IF™ A.

1.2. Semantics for BK"+"-, BK?, and MBL

The study of modal bilattice logic, MBL, was motivated in [12] by ob-
taining a modal extension of the four-valued logic FDE characterized by
possible worlds models with a four-valued accessibility relation between
possible worlds. In [10] it was shown that MBL can be faithfully em-
bedded into a logic characterized by the class of models of the fusion
BK" x BK" of two copies of BK", enriched with the binary connectives
® and @ and the constants T, b, and n from bilattice logic. Moreover,
it was shown that BK” x BK" and the Fischer Servi-style modal logic
BK™ are weakly definitionally equivalent. We shall refer to BK® x BK"
and BK™ over the set of bilattice connectives as BK™+”~ and BK';IS,
respectively.® It will be shown that BK™+"~, BK';?, and MBL are defi-
nitionally equivalent.

The languages Lpgo+o- = {V,A\,®,®,—,~,0,,0_,1 T,b,n},
EBKEZS ={V,\,®,®, —,~,Ops, Cps, L, T,b,n} and Lypr = {V, A, ®, D,
—,~,H, L, T,b,n} are based, as above, on a non-empty countable set
of atomic propositions Prop. Again, we denote by Form(L) the set of for-
mulas defined as usual, formulas by A, B, C, etc., and sets of formulas
by I, A, X, etc.

BK™+”--, BK';ZS— and MBL-models are tuples M = (W, Ry, R_,vT,
v™), where Ry, R_ C W x W are accessibility relations on W, and the

3 Note that BK}? (BK™+7-) is a conservative extension of BK™ (BK” x BK").
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rest is analogously defined as above. For the connectives and constants
not considered so far, we have the following verification and falsification
conditions:

)

wikt A® B iff (wiFt AAwIFT B)
wiF- A®B iff (wlF~ AAwIF~ B);
wlkt Ae B iff (wl-t AV w -t B);
wlk~ Ao B iff (wlF AVwlF~ B)
wlFt T —(w IF~ T);

wlFt b w -~ b;

=(w IFT n) =(w I~ n);

wlikT 0,4 iff Vu(wRiu—ulET A);
wlF~ 044 iff Fu(wRiuAul-— A);
wliktO_A  iff Yu(wR_u—ul-T A);
wlF~ 0_A4 iff Fu(wR_uAul-~ A);
wlkT Ops A iff Vu(wRiu— ulET A);
wlF™ OpsA  iff Fu(wRiuAul-— A);
wlkt CpsA iff Fu(wRiu AwlbT A);
wlF™ OpsA  iff YVu(wR_u— ulF-— A);
wliFtBA  iff Yu(wRiu—»ulb™ A) AV u(wR_u—»=(ul-~ A));
wlF~BHA  iff Fu(wRiuAulE— A).

)

Truth at a world, truth in a model, validity and entailment are de-
fined in analogy to the definitions of these notions in Subsection 1.1.

2. Logical Connectives for Kgpg, KN4, BK"~, BK", and BK

In this section we will follow [17], where in turn the results from [7] were
extended. Note that at first we will use almost the same definitions as in
[17]. We will make this clear by referring to the original definitions and
proofs. As already remarked in Introduction, the results presented here
do not establish functional completeness in the usual model theoretical
sense, even though we will use this term, but are results about the class
of connectives definable in the various modal extensions of FDE. As in [7]
and [17] we begin by restricting the expressiveness of our metalanguage.

If a metalogical formula ¢ contains the free variables w, A1, ...,
A, we will write this as ¢(w, Ay,...,A,). Formulas wRu are called
relational atoms. In formulas ¥ u(wRu—»(u)) and Fu(wRuAp(u)) the
relational atom wRu is said to occur as a lower bound on the quantifier
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Yu (Fu), and the quantifier Yu (Fu) is said to be bounded below by
wRu. Note that in the subformulas ¢ (u), u is the only free variable.

DEFINITION 2.1 ([17, Definition 1, p. 471]). A formula ¢ is a regular
metalogical formula iff

1. ¢ contains at most one free state variable,

2. all relational atoms occur as a lower bound on a quantifier,

3. every quantifier is bounded below by a relational atom.

OBSERVATION 2.1 (cf. Lemma 1 in [17, p. 473]). Every regular meta-
logical formula ¢ is of such shape that every quantified subformula of ¢
has the shape ¥ u(wRu— 0(u)) or Ju(wRu A 0(u)), where 6 has no free
state variables other than wu.

DEFINITION 2.2 ([17, Definition 2, p. 471]). Let ¢ be a regular metalog-
ical formula. The formula % is inductively defined as follows:

@ = «, aisan atom
=wRu = =wRu
“wlkt A = wlk— A
“wlk— A = wlt A

0 -
m = Eo?,oe{/\,v,—»}
(Y ANO) = =V =0
(Vo) = =pA=0
=|(¢—>>(9) = EA:@
Yu(wRu—0(u)) = VYu(wRu—»6(u))
Fwyy = Fu(wRu A b(u))
“VYu(wRu —0(u)) = Fus(wRu—» 6(u))

sJFu(wRuAO(u)) = Yu=(wRuA (u))

If ¢ is a regular metalogical formula, then @ is said to be an L-reqular
metalogical formula for L € {KN4, BK”~,BK", BK}.

Remark 2.1. The notion of Kgpg-regular formulas requires another con-
dition for — if ¢ is not a relational atom:

=0 = —pVve

This additional condition restricts the set of Kppg-regular connectives
since the classical metalogical implication cannot be expressed in the
object language of Kgpg. The condition also needs to be used in [17] to
make the proof work there.
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DEFINITION 2.3 ([17, Definition 3, p. 472]). A definition of an n-place
(n > 1) connective % has the form: for every model M = (W, R,v™,v™)
and every w € W,
wlFT e (Ar, ..., Ay) iff Y(w, (A1,. .., Ay)) and w IF % (Ag, ..., Ap)
iff =p(w, (A, ..., A)),

where 1) is an L-regular metalogical formula, by which % is said to be
defined.

DEFINITION 2.4 ([17, Definition 5, p. 472]). The degree of quantification

d(p) of a metalogical formula ¢ is inductively defined as follows:

o d(p) =0, if ¢ is quantifier-free;

e d(p) = max(n; + 1) for 1 < ¢ < j, if ¢ has j quantifiers, the i-th
quantifier ranges over the subformula §; of ¢, and n; is the degree of
quantification of §;.

OBSERVATION 2.2 (cf. Lemma 2 in [17, p. 474]). Every L-regular meta-
logical formula ¢ is of such shape that every quantified subformula of ¢
has the form ¥ u(wRu— 0(u)) or u(wRu A 0(u)), where 0 has no free
state variable other than w.

PROOF. The translation = does not generate new free variables. .

OBSERVATION 2.3 (cf. Corollary 1 in [17, p. 474]). Let ¢ be an L-regular
metalogical formula. For every subformula of ¢ of the shape ¥ u(wRu—»
O(u)) or Fu(wRu A 6(u)), 0 is L-regular.

OBSERVATION 2.4 (cf. Observation 2 in [17, p. 474]). For each L-formula
A, @ iff wIFT A just in case =@ iff w -~ A.

PRrOOF. The proof is by induction on A and follows the proof of Ob-

servation 2 in [17, p. 474] (neglecting the constructive implication). We

only need to prove the observation for the operators 1, —, =0, and <.
Suppose A = A — B:*

pifwl-t A— B
iffwlkt A—swl-t B
sEpiff s(wlFt A — w iFT B)
iffwlkFt AN=wlIF+ B

4 We will make use of “-” to denote the classical consequence relation in the
metalanguage
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if wlFT AAwIF~ B

iffwlk~ A— B
spiffwlk~ A— B

iffwlFt ANwliF— B

iff s(=w -t AV =w -~ B)
Spiff swlkt AV =wl-— B

iffwlkt A—-=wlk— B

ifwlFt A—wl-T B

if wl-* A— B

Now, suppose A = A = B:
pifwl-t A= B

iff (wlkt A—»wlkt B)A (wlF— B—wlk— A)
= iff S(WIFF A w T B)A (wiF- B = w k- 4))
iff s(wlkF* A—wlFt B)V=(wlF- B—wlF— A)
iff (wlFH AA=wlFt B)V (wlF— BA =w Ik~ A)
iff (wlFT AAwIF" B)V (wlF~ BAwlIFT A)
ifwl-t AAwIF~ B
iffwlk~ A= B
=gifwhk~ A= B
iffwlk* AANwlIF-— B
iff (wFtAAwlF- B)V (wliFt AAwIF— B)
iff s(=s(wlFt AANwlF= B) A=(w -t AAwIF— B))
Bt S AAwI— B)A—(wlF+ AAwi— B)
iff (mwlF+ AV =w -~ B)A (=w -t AV =w |-~ B)
iff (5w Ikt AVwl-t B)A (wlF— AV =w -~ B)
iff (wFH A—swl-t B)yA(wlF— B—wl-— A)
if wlF™ A= B

Now, suppose A = OA:
piff wlFt OA

iff Yu(wRu — u -+ A);
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2= iff s(Wu(wRu — u - A)
iff Fu=(wRu — u -+ A)
iff Fu(wRu A =u -t A)
iff wlF— 0OA

and vice versa. The proof for CA is similar.

The proof for A = 1 is a degenerate case, since =(w IF™ 1) and
w IF~ L, but neither =(w I~ L) nor w IF* L, hence the equivalence is
trivially true. -

DEFINITION 2.5. A logical connective that can be defined by means of
an L-regular metalogical formula is said to be an L-regular connective.

OBSERVATION 2.5. The sets of connectives {V, A\, ~, O}, {V, A, ~, = 0},
{V, A\~ =, 0}, {V,A,~,—, L, 0} and {V,A,~,—, L, 0,0} are sets of
Krpg-, KN4-, BK™ -, BK"- and BK-regular connectives, respectively.

THEOREM 2.6. In the class of L-regular connectives the respective sets
of connectives are functionally complete. In other words, if an n-ary
(n > 1) connective % is defined by means of an L-regular metalogical
formula @ , then there is an L-formula A such that the following holds:
prwlkt A (and =g 4> w -~ A).

PROOF. By induction on the degree of quantification of 3. Let I-* stand
uniformly either for 4+ or for —.

Suppose d(@) = 0, then every atomic subformula of @ is a non-
relational atom and every metalogical operator occurring in @ is either
A, V, or —. Let A be the result of replacing every occurrence of A
by A, every occurrence of V by V, every occurrence of w I-T B by B,
and every occurrence of w -~ B by ~B. In case of BK” ™, BK" and
BK we furthermore replace every occurrence of w IF+ A — w I+ B by
A* — B* and in case of KN4 every occurrence of w IF* A — w IF*
B by (A* = (A* = B*))V B*, where A* and B* are the respective
replacements of w IF* A and w IF* B. In case of BK” and BK we
furthermore replace every occurrence of w IF* L by ~1 and w |-~ L by
1. Then p 4> w -t A (as well as Sp 4» w IF~ A ), cf. Observation 2.4.
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Now, let d(®) > 0. Then there is a subformula of @ of the shape
Y u(wRu — 6) or Fu(wRu A ), where 6 is quantifier free. By the in-
duction base case, 6 «» A for some L-formula A. Now we have:

VYu(wRu—»0) iff wl-T O0OA
Fu(wRunb) iff wlEt ~O~A

Moreover, additionally for BK we have:
Fu(wRuAO) iff wiFt CA

If the subformulas ¥ u(wRu — 0) and Fu(wRu A 0) in  are replaced
by their respective equivalents, the result is an L-regular metalogical
formula which has one quantifier less than @, and hence the induction
hypothesis can be used. o

Remark 2.2. Since % (A, ..., A,) and the L- formula A that is guaran-
teed to exist by Theorem 2.6 share their verification and their falsification
conditions, the two formulas are provably strongly equivalent in every
logic under consideration in which strong implication, =, is either primi-
tive or definable. In [9, 10] it was shown that provable strong equivalence
is a congruence relation in BK and in BK", so that % (A41,...,4,) and
A are mutually replaceable in deductive contexts, which justifies consid-
ering A as definiens of %(A1,...,Ay). The same replacement property
holds for Kgpg, KN4, and BK" ™.

Remark 2.3. The result presented above is in need of some clarifica-
tion. At first glance, Theorem 2.6 seems to state the rather trivial result
that everything that is expressible is expressible. However, the result
not only shows what is expressible, but also what is not. The proof
of functional completeness heavily relies 1) on the notion of L-regular
connectives and 2) on the requirement that verification and falsification
can be expressed by one metalogical formula as in Observation 2.4. The
verification and falsification conditions coming with the connectives for
the languages considered so far are thus symmetrical in the sense that
they are not really independent from each other. As for 1), in the class
of L-regular connectives it is, for example, not possible to distinguish
between =w IFT A and w IF~ A (=w IF~ A and w IF* A). This means
that operators like © which would make FDE functionally complete in
the usual sense, cf. [11], with the following verification and falsification
conditions: w IFT0O Aiff (w -t AA=w -~ A)V (=sw IFT AA=w -~ A)
and w -0 A iff (wlFT AAN=w IF~ A)V (wIFT AA w -~ A) cannot
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be expressed by means of the given languages, as one perhaps desires.
As for 2), the requirement that verification and falsification need to be
expressed by one metalogical formula limits the class of languages to
which the presented method can be applied to. Similar things can be
said about the results in [17]. Therefore, in languages that contain con-
nectives for which the verification and falsification conditions can be seen
as asymmetrical, we need to alter our method to obtain results about
the classes of definable connectives.

Remark 2.4. Moreover, Remark 2.3 leads to the conclusion that the
presented method cannot be applied to BK™+" - BK';?, and MBL, as
the following observation shows.

OBSERVATION 2.7. For some BK™+”-- BK';ZS—, and MBL-formula A, ©
iff w T A not just in case Sp iff w -~ A.
PROOF. Suppose A = A® B:
iff wlFtA®B
if wlhktAAwlFT B
=g it =s(wlFt AAwIET B)

iff =wltt Av=wl-+ B

iff wlhk Avwh— B

not iff wh—A® B

<l

=p iff wlF~ A® B
iff wlF— AAwIF— B
iff =(=wlF~ AV =w -~ B)

) iff =swl— AV=wl-— B
iff =wlF— AV =wl-— B
if whkrAvwl-tB
not if wh-t A® B
The case for @ is similar. =

Remark 2.5. Even though the verification and falsification conditions
for ® and @, on their own, are regular metalogical formulas in the sense
of Definition 2.1 and even BK™+"--, BK';ZS—, and MBL-regular, there
is no BK™*+”--, no BK';ZS—, and no MBL-regular formula ¢, such that
perwl-t Ao B (and Sp «» w I~ Ao B), with o € {®, ®}.

In the following we will therefore adjust the presented method for
obtaining definable connectives. In particular, we will first prove results
about definitional equivalence between BK™+"~ BK';ZS, and MBL and
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then make some changes in our metalanguage in order to prove results
about functional completeness.

3. Weak definitional equivalence in bilattice languages

In this section we will use the following abbreviations:
A< B:=(A= B)A(B=A),
A< B:=(A— B)A(B— A),
—“A=A— 1.
The connectives < and < are called strong equivalence and weak equiv-
alence, respectively. The weak equivalence respects the verification of

formulas, for any world w of any of the models under consideration we
have:

wht Ao B iff (wiFT A iff wlkt B).

The strong equivalence connective is strong insofar as it respects also
the falsification of formulas:

wiFT Ae B iff (wiFt A iff wiFT B)A (wiF— A iff wiF~ B).

We call — the classical negation. The verification and falsification
clauses for the classical negation look as follows:

wlFT =A iff s(w kT A); wliFT —A iff wlFT A

3.1. Weak structural translations and weak definitional equivalence

First we recall the notion of definitional equivalence of logics from [5],
which was also considered as basic in [13] and [10].

DEFINITION 3.1. If £1 and Lo are propositional languages, then an ar-
bitrary mapping 6: Form(L,) — Form(Ls) is called a translation from
language L1 to Lo. A translation 0 is structural if it is induced by some
mapping «, which sends every n-ary connective ¢ of £; to a formula
a(c)(p1,-..,pn) from Form(Lsy), in the following way:

O(p) =p, p € Prop; 0(c(A1,...,An)) = a(c)(p1/0(A1),...,pn/0(An)),
where Aq,..., A, € Form(Ly).

Notice that the definition of structural translation assumes that for-
mulas of both languages £, and L5 are constructed starting from the
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same set of propositional variables Prop. This is not an essential re-
striction for our goals. Notice also that the condition on 6 to preserve
propositional variables is present also in [8].

In the following we assume that the notion of a logic has been de-
fined such that a logic L determines a Tarskian consequence relation
1 between sets of formulas and single formulas. For all logics defined
in Section 2, we mean by F; the local consequence relation F; defined
semantically at the end of Subsection 2.2. Moreover, whereas classical
negation satisfies contraposition (if A F; B, then =B F; —A), it is char-
acteristic of strong negation, that it does not satisfy contraposition in
general, which may lead to failure of the replacement rule for provably
weakly equivalent formulas.

DEFINITION 3.2. (cf. [5, 13]) Let L; be a logic in the propositional lan-
guage L;, i = 1,2.5 Let §: Form(£;) — Form(Lz) and p: Form(Ly) —
Form(L£;) be two structural translations. We say that L; and L, are
definitionally equivalent (d-equivalent) via translations 6 and p if the
following conditions hold:

1. For 'U{A} C Form(Ly), the relation I" i, A implies 0(I") -1, 6(A),
where 0(I") :={0(A) | Ae I'}.

2. For 'U{A} C Form(L3), the relation I" i/, A implies p(I") 1, p(A).

3. For every A € Form(L;) and B € Form(Lz2),

Aepf(A)el; and B < 0p(B) € L.

As compared to [5, 13], we simplified the definition of structural
translations, omitting peculiarities connected with the translation of
propositional constants via formulas with variables and with the pres-
ence of additional variables in formulas a(c). In Item 3 of the original
definition from [5], conditions A < pf(A) € L; and B < 0p(B) € L, are
replaced by conditions (A, pf(A)) € Q(L;) and respectively (B, 0p(B)) €
Q(L,), where Q(L;) denotes the so called Tarski’s congruence over logic
L;, i.e., the largest congruence on the algebra of formulas with the uni-
verse Form(L;) that respects all theories over L; (see [2, 4] for details).
However, in many logics L with strong negation, in particular in all logics
considered in this article, its Tarski’s congruence is determined by the
condition A < B € L (see [10] for details).

5 We assume that either the strong equivalence connective is present in both
languages £1 and L2 or {=,A} C L;, i = 1,2 and < is treated as an abbreviation.
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In [10] it was suggested to weaken the notion of definitional equiva-
lence for logics with strong negation ~ in the language. Namely, it was
admitted that the translations involved in the previous definition are
not structural for ~. Moreover, in Item 3 of Definition 3.2 the strong
equivalence was replaced by the weak one. We now slightly generalize
the notion of a weak structural translation as compared to [10], making
it more symmetrical.

DEFINITION 3.3. Let £ and Lo be propositional languages containing
~. A translation 0: Form(L1) — Form(Ls) is called weakly structural if
there are two mappings « and (3, which send every n-ary connective ¢
of £1\{~} to formulas a(c)(p1,q1 ..., Pn, qn) and 5(c)(p1,q1 - -+, Pn, qn)-
The translation # is determined by « and ( as follows:

0(p) = p, 0(~p) = ~p, p € Prop; O(~~A) = 0(A);

G(C(Alv ) An)) = a(c) (pl/e(A1)7 Q1/9(NA1)7 7pn/9(An)7 Qn/e(NAn))a
O0(~c(Ar, ..., An))=B(c)(p1/0(A1), q1/0(~ A1), ..., pn/0(An), 4n /0(~Ar)),
where Aq,..., A, € Form(Ly).

DEFINITION 3.4. Let L; be a logic in the propositional language L;,
i = 1,2. Let §: Form(£;) — Form(L2) and p: Form(L2) — Form(L)
be two weak structural translations. We say that Ly and Ly are weakly
definitionally equivalent (weakly d-equivalent) via translations 6 and p if
the following conditions hold:

1. For I'U{A} C Form(L;), the relation I" F;, A implies §(I") k1, 6(A).
2. For 'U{A} C Form(L5), the relation I" -;, A implies p(I") k1, p(A).
3. For every A € Form(L;) and B € Form(L2),

A< pf(A) e L; and B <« 0p(B) € L.

To prove the main theorem of this section we will need weak struc-
tural translations satisfying some additional conditions.

DEerFINITION 3.5. Let £ be a propositional language containing ~, L
a logic in language £, and A(pi,...,pn) € Form(L). We say that
C(p1,...,pn) agrees with the weak equivalence of L if for formulas
A;, B; € Form(L£), 1 < i < n, the relations

AZ<—>BZ€L,1<z<n

imply
C(Al,...,An,) <~ C(Bl,...,Bn,Dn) e L.
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In other words, a formula C(p1,...,p,) agrees with the weak equiv-
alence of L if L is closed under the rule
P14, P1 571
C(pl? e 7pn) — C(le ey Qn)

This condition is not trivial for logics with strong negation. Usually, such
logics admit the replacement of weak equivalents in ~-free formulas, but
such replacement rule fails in the general case.

DEFINITION 3.6. Let £ and Lo be propositional languages containing
~. Let L, be a logic in language L£5. We say that a weak structural
translation 6: Form(L,) — Form(Ly) agrees with the weak equivalence
of L, if the mappings « and 8 determining 6 are such that for every
n-ary connective ¢ of £y \ {~}, the formulas

a(c)(pla qi, - .- apn?QTl) and ﬁ(c)(pla q1,- - - 7pn?Qn)

agree with the weak equivalence of L.

3.2. From weak d-equivalence to d-equivalence

The aim of this section is to formulate conditions on logics under which
weak d-equivalence implies d-equivalence.

DEFINITION 3.7. A propositional logic L formulated in the language £
is called a bl-logic if it satisfies the following properties:

1. The weak equivalence connective detaches in L, i.e., for any formulas
A and B, B’, we have

A,A«< Bk, B.
2. There is a formula ®(p, ¢) € Form(£) such that for any two formulas
A, B € Form(L), we have

FL®(A,B)+ A and +;. ~® (A, B)+ B.

Item 1 is natural for every truth (verification) preserving bicondi-
tional. Ttem 2 is typical for logics based on a bilattice language, by
which we mean a language extending {V, A\, ®,®, —,~, L, T, b,n}, and
which explains the choice of the term “bl-logic”. This condition was in-
spired by the results of [1] on mutual definability of different connectives
in a bilattice language. To some extent the existence of a combinator
formula ®(p, q), which allows to combine an arbitrary truth condition
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with an arbitrary falsity condition, corresponds to the fact that a bilat-
tice (with operators) can be represented as a full twist-structure over
a lattice (with operators)(see the representation theorems in [1, 6, 12]).
Recall that a full twist-structure is an algebra defined on the direct
power of the universe of another algebra, but the new operations are not
defined componentwise, they are somehow “twisted”. Roughly speaking,
the first component of a twist-structure is a measure of truth, and the
second component is a measure of falsity. An arbitrary twist-structure is
a subalgebra of the full one. Algebraic models of many logics with strong
negation can be represented as twist-structures. These twist-structures
are not necessarily full. For example, models of explosive Nelson’s logic
N3 are isomorphic to twist-structures over Heyting algebras consisting
of pairs (a,b) such that a Ab = 0 (see [14]). This is not so in the
case of bilattice-based logics, whose algebraic models are necessarily full
twist-structures. The presence of bilattice connectives in the language
guarantees, in particular, that a full twist-structure has no proper sub-
algebras.
We say that two formulas A and B are L-equivalent if -; A « B.

THEOREM 3.1. Let L; be a bl-logic formulated in language L;, i = 1, 2.
Assume that logics L; and L, are weakly d-equivalent via translations 6
and p such that 0 agrees with the weak equivalence of Ly, and p agrees
with the weak equivalence of Ly. Further, we assume that 6 and p com-
mute with the weak equivalence connective <. Then there are structural
translations ' and p' such that they commute with strong negation and
logics Ly and L, are d-equivalent via translations 6’ and p'.

PROOF. Assume that the functions o and 8 determine a weak structural
translation 6, whereas the functions v and § determine p. In this way,
for every ¢ € £1 \ {~} we have

9(c(A1, e An))
9(~c(A1, el An))

Oé(C)(e(Al), G(NAl)v R Q(An)v G(NAn))v
B(c)(0(A1), 0(~A1), ..., 0(An), 0(~Ar)),

where Ay, ..., A, € Form(L;). Moreover, for every ¢ € L5\ {~} we have

p(c(B1, ..., Bn)) =v(c)(0(B1),0(~B1),...,0(Bn),0(~Bn)),
p(~e(By,..., By)) = 8(c)(0(By), 0(~By), . ... 0(By), 0(~By)),

where By, ..., B, € Form(Ls).
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Let ®;(p, q) be an L;-formula such that
|_L,- @Z(A, B) < A and |_L,. ~ ©; (A,B) ~ B

for all £;-formulas A and B. We define two mappings ¢ : £; — Form(Ls)
and 7 : Lo — Form(L;) as follows:

C(Cn) = @2(0[(6)(}71, ~P1y- -y Pny an)v B(C)(pla ~P1y -5 Pny an)),
for ¢ € £1\ {~}; and

n(c") = O1(v(e)(p1,~p1, - - -, Prs ~Pn), 6(€) (1, ~P1s - - Py ~Pn)),
for ¢ € Lo\ {~}; and

¢(~)=~p and n(~)=~p.

Let " and p’ be structural translations induced by mappings ¢ and
1 respectively. It remains to prove that 6’ and p’ are translations as
required, i.e., that 8’ and p’ commute with negation and that L; and L,
are d-equivalent via 6’ and p’. The former is obvious, to prove the latter
we establish first the following fact.

LEMMA 3.2. For every Li-formula A and Lo-formula B, we have
b, 0(A) < 0'(A) and +p, p(B) « p'(B).

PRrOOF. We prove only the first of the two equivalences by induction on
the structure of formulas, the proof of the second is similar. The base of
induction is obvious in view of

O(p) =0'(p) =p and O(~p) = 0'(~p) = ~p.

Let ¢ be an n-ary connective of £1. Assume that for £;-formulas Ay,
.., A, we just proved

I_Lz H(Al) — HI(AZ) and I_Lz H(NAZ) — QI(NAZ), 1= 1, Lo, .
We have then

0 (c(Ay,..., An)) =
©2 (a(e)(0'(Ar), ~0'(A1),...), B(c)(0'(Ay), ~0' (A1), ...)),

which is Ly-equivalent by the properties of ®2(p, q) to
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a(e)(0/(Ay), ~0' (A1), ..., 0 (Ay), ~0'(A,)) =
a(c)(0'(A1), 0/ (~Ay), ..., 0/ (Ay), 0/ (~Ay)).

The last equality is due to {(~) = ~p. Applying the induction hypoth-
esis and the fact that a(c) agrees with the weak equivalence of L, we
conclude that the last formula is Ly-equivalent to

a(c)(0(A1), 0(~Ay), ..., 0(An),0(~Ay)) = 0(c(Ar, ..., Ay)).

For a negated formula ~c(Ay,...,A,) we have

0 (~c(Ar, ..., Ay))
~ 2 () (0'(Ar), ~0' (A1), ..), B(c) (0(Ar), ~0' (A1), ..)).

Applying again the properties of ®2(p, q), the fact that S(c) agrees with
the weak equivalence of L,, and the induction hypothesis, we conclude
that this formula is L-equivalent to

B(E)(B(AL), 0(~A1), ..., 0(An), 0(~An)) = O(~c(Ar, ..., An)). -

We come back to the proof of the theorem. By the previous lemma,
the weak equivalences

0(B) ¢ 0'(B), 0(A,) < 0'(A1),..., 0(A,) & 0'(Ay)

are provable in L, for any £i-formulas B, A1, ..., A,. This fact, Item 1
of Definition 3.7, and the transitivity of I-;, entail that the relation

(A1), ..., 0(A,) Fr, 0(B) implies 0'(A1),...,0'(A,) b1, 0(B).

In this way the fact that 6’ embeds L; into L, follows from the fact that
f embeds L; into L,. Similarly, we prove that p’ embeds L, into Lj.

It remains to prove that the translations #” and p’ are mutually in-
verse up to weak equivalence. Let A € Form(£;). By assumption we have
Fi, A<« pf(A), and by Lemma 3.2, -, 6(A) <> 0'(A). Since p embeds
L, into L; and commutes with <>, we obtain 1, pf(A) <> pf'(A). Again
by Lemma 3.2, k1, p0'(A) <> p'¢’(A). Finally, applying the transitivity
of weak equivalence, we conclude -, A <> p'6’(A). In a similar way one
can establish that F;, A <> 0p(A) for A € Form(Ls). =
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3.3. Definitional equivalence of BK"+"-, BK>, and MBL

In [9], it was proved that BK™ and the fusion BK"” x BK" are weakly d-
equivalent. If we denote the modal operators of BK” x BK" as O,
and O_, then BK"+"”- becomes a conservative extension of BK"” x
BK", and we can adopt the proof from [9] to establish the weak d-
equivalence of BK';ZS and BK“+"~. The weakly structural translation
0: Form(Lpgrs) — Form(Lpga+=-) is defined so that it preserves propo-
sitional variables and constants, commutes with all non-modal connec-
tives, whereas for modalities we have

O0(OpsA) = 0,0(A) and O(CpsA) = ~O1~0(A).
For strongly negated formulas, we define 6 as follows:

O(~(AV B)) = 0(~A) AO(~B), O(~(AN B)) = 6(~A)V 6(~B),
0(~(A® B))=0(~A)®0(~B), O6(~(A®B))=0(~A)®0(~B),
0(~(A— B)) = 0(A) ANO(~B), 0(~~A) =0(A),

The inverse translation p: Form(Lggoio-) — Form(ﬁBKzs) also pre-

serves propositional variables and constants and commutes with the non-
modal connectives. For modal operators, we put

p(01A) = Opsp(A) and p(0_A) = ~Ors~p(A).
For strongly negated formulas, p is defined as follows:
p(~p) =~p, p(~L)=~L, p(~T)=~T, p(~b)=b, p(~n)=n,
p(~(AV B)) = p(~A) A p(~B), p(~(ANB)) = p(~A) V p(~B),
p(~(A® B)) = p(~A) ® p(~B), p(~(A® B)) = p(~A) ® p(~B),
p(~(A = B)) = p(A) Ap(~B), p(~~A) = p(A),
p(~O4A) = ~Ops~p(~A),  p(~O-A) = 7~Ops~mp(~A).

THEOREM 3.3. The logics BK';IS and BK”+”~ are weakly d-equivalent
via translations 6 and p.

ProoF. Taking into account that both logics were defined over the same
class of models, the weak d-equivalence of logics BK}? and BK“+"-
easily follows from the next lemma.
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LEMMA 3.4. For every model M = (W, R, R, v, v™), w € W, and for-
mulas A € Form(Lpgo+2-), B € Form(Lprs), the following equivalences
hold:

M,wET Aiff M,w =T 0(A),
M,w =" p(B) iff M,w =" B.

PRrOOF. Both equivalences were proved by induction on the structure of
formulas in Lemma 4.6 of [10] for a weaker language not containing the
connectives @, ® and the constants b, n, T. Let us consider the cases
for ~(A@® B) and ~(A® B).

wlkT §(~(A® B))
iff wl-t 6(~A)® 0(~B) (by definition of )
i (w I+ 9(~A) V w - 8(~B))

(wlFT ~AVw -t ~B) (by induction hypothesis)
(wlF~ AV wl-— B)
wlF— A® B

wlFT ~(A® B).

wlFT §(~(A® B))

iff wikt 6(~A)® 0(~B) (by definition of 6)

iff (wlFt O(~A) Aw It 0(~B))

iff (wlFt ~AAwlIFT ~B) (by induction hypothesis)

iff (wlF= AANwl-~ B)

wlF~ A® B

wIF+ ~(A® B). 4

i
i
i

R AR ARARMA

i

i
i

R AR AR ARAR

COROLLARY 3.5. The logics BK';ZS and BK™+"~ are d-equivalent.

Proor. To apply Theorem 3.1, we have to check that BK';ZS and
BK"+"”~ are bl-logics, that translations # and p agree with weak the
equivalences of BK"+”~ and BK';IS respectively, and that both € and
p commute with <». The last fact is obvious. The fact that 6 and p
agree with the weak equivalences of BK”+"~ and BK';ZS easily follows
from the definition of translations and the definition of verification and
falsification of formulas. Item (1) of Definition 3.7 obviously holds for
both logics. As for ®(p, q), one can choose in both cases the formula

©(p,q) = (pAb) V (~gAn). B
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It turns out that MBL is also a bl-logic, and we prove now that
MBL and BK"+"~ are d-equivalent. The weakly structural translation
¢: Form(Lypr) — Form(Lpgo+o-) is a modification of the translation
of MBL-formulas into BK™+"--formulas from [10]. This translation pre-
serves propositional variables and the four constants, and commutes with
the connectives A, V, ®, @. The modality H and its strong negation are
treated by ¢ as follows:

((BA4) =0,.((A)AD_~((~4),  ((~vBA)=~0,~((~A).

For other strongly negated formulas, { is defined analogously to the
translation 6 (see above).

We define the inverse weakly structural translation n: Form(Lggo+o- )
— Form(Larp1) so that it preserves again propositional variables and
the four constants, and commutes with the connectives A, V, ®, ®, —.
The modal connectives of BK”+"”~ and their strong negations are treated
by 7 as follows:

n(04+A) = B(n(4) Vn), n(~04A) = ~ B ~n(~A),
n(0-A) =B(~-mn(A)vb), n(~O_A) =8 (~n(~A)Vb).

The translations of other strongly negated formulas are defined as above.

THEOREM 3.6. The logics MBL and BK"+"~ are weakly d-equivalent
via translations ¢ and 7.

PRrROOF. Again we have two logics defined over the same class of models,
so all what we need is to prove an analogue of Lemma 3.4.

LEMMA 3.7. For every model M = (W, R, R', v",v™), w € W, and for-
mulas A € Form(Lwgr), B € Form(Lgg=+=- ), the following equivalences
hold:
M,w =T Aiff Myw =1 ((A),
M,w =T n(B) iff M,w =" B.

PRrROOF. The first of this equivalences was established in the proof of
Theorem 5.7 of [10] stating that ¢ faithfully embeds MBL into BK™+"~.

By induction on the structure of formulas we prove the second equiv-
alence. We only check the cases for modalities and for strong negations
of modalities.

w I+ (04 B)
iff w -t B(n(B)Vn) (by definition of n)
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if (Wu(wRyu—ul-T n(B)Vn) AV u(wR_u—»=(ul-" n(B)Vn)))
iff (Wu(wRyu— (ul-t n(B)Vultt n) AV u(wR_u—=(ul-~ n(B)A
wlb= )

iff Vu(wRiu—ul-T n(B)) (in view of =(u IFT n) and =(u IF~ n))

iff Yu(wRyu—ul-T B) (by induction hypothesis)

i w -t O, B.

w IF* (~0, B)
iff wlFT ~H ~n(~B) (by definition of n)
iff wl-~ B~n(~B)
iff Fu(wRiuAul-™ ~n(~B))
iff Fu(wRiuAul-t n(~B))
iff Fu(wRiu Aul-T ~B) (by induction hypothesis)
iff Fu(wRiuAul-— B)
iff w - OB
iff w It ~O,B.

w I+ (0_B)
iff w -t B(~-n(B) Vb) (by definition of 7)
iff Vu(wRyu—ul-t ~—n(B)Vb)AYu(wR_u—»=(ul-~ ~—n(B)Vb))
iff Yu(wRyu— (u Ikt ~-n(B) Vu IFT b)) AVu(wR_u — =(u I+~
~-n(B) AulF~ b))
iff Vu(wR_u— =(ul-~ ~-n(B))) (in view of u I-* b and w |-~ b)
iff Yu(wR_u—=(ul-t —n(B)))
iff Yu(wR_u—==(ul-T n(B)))
iff Yu(wR_u—»ul-T n(B))
iff Yu(wR_u— T B) (by induction hypothesis)
iff wi-T O_B.

w IFT n(~0_B)
iff wl-t =8 (~n(~B)Vb) (by definition of 1)
iff =(w - B(~n(~B) Vb))
iff s(Wu(wRiu—ulb™ ~n(~B)Vb) AV u(wR_u—»=(ul-~ ~n(~B)V
b)))
iff s(Vu(wRyiu—» (ul-T ~n(~B)Vul-T b)) AVu(wR_u—=(u -~
~n(~B) Aul-" b)))
iff a(Wu(wR_u— =(ul-~ ~n(~B))) (in view of u |- b and w |-~ b)
iff Fu(wR_uAul-~ ~n(~B)
if Fu(wR_u A ul-t n(~B)
iff Fu(wR_u Awul-t ~B) (by induction hypothesis)



654 S.P. OpiNTsov, D. SKURT AND H. WANSING

iff Fu(wR-_uAul-~ B)
iff wiF—O_B
iff wi-t ~0_B. —

COROLLARY 3.8. The logics MBL and BK"+"~ are d-equivalent.
PrOOF. We know that BK™+"~ is a bl-logic. It is easy to see that

®(p,q) = (pAb)V (~gAn)

can serve as a combinator formula for MBL, too. In this way, MBL
is also a bl-logic. Obviously, both translations ¢ and n commute with
<. It remains to check that ¢ and n agree with the weak equivalences
of BK"+”~ and MBL. The case of 7 is more complicated. Let o and
£ be mappings that determine the weakly structural translation n. It
is easy to see from the definition of - that MBL is closed under the
replacement of weak equivalents in formulas which are ~-free and H-free.
Therefore, we have to check the replacement of weak equivalents for the
following formulas:

a(04) = B(p V), a(0_) = B(~—pV b),
A(B4) = ~Br~g, A(O-) =B (~qVb).
By proving Lemma 3.7, we established in particular the following:
wlFT B(p V) iff Vu(wRiu—ul-T p),
wlFT B(~=p Vb) iff Yu(wR_u—ul-T p),
wlFt ~B~q iff Ju(wRiuAul-T g),
wlFT =@ (~qVb) iff FJu(wR_unul- q).

It follows easily from these equivalences that MBL is closed under the
replacement rules:

P q P q

B(pVn) < HB(gVn) B(~—pVb) <> H(~—g V b)
p<q D q

~H~p < ~HBn~g “HB(~pVb) <+ ~H(~qVDb)

We have thus proved that n agrees with the weak equivalence of MBL.
So we can apply Theorem 3.1 to infer the desired conclusion. .
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From the transitivity of d-equivalence we obtain.
COROLLARY 3.9. The logics MBL and BK';ZS are d-equivalent.

Thus, despite essentially different definitions of modalities, all three
logics MBL, BK';ZS, and BK"+"- are d-equivalent.

4. Logical Connectives for BK™+"-, BK>, and MBL

Since the logics BK™+"~, BK';?, and MBL are definitionally equivalent,
in this section we will only discuss the logical connectives for BK™+"~.
As for BK!? and MBL, the result of this section will carry over.

In Remarks 2.3 and 2.4 we showed that the presented method can-
not be applied to logics which comprise connectives like @ or ® because
they do not satisfy Observation 2.4. Furthermore, models for BK™+"~
BK';?, and MBL contain two different accessibility relations, R and R™.
To apply the presented method for obtaining functional completeness
to BK”+"~ we first enrich the metalanguage by two binary predicate
symbols, Rt and R~, and hence omit the predicate symbol R, and by
four new operations, ®, @, b, and m. The definitions of regular meta-
logical formulas and L-regular metalogical formulas have to be changed
accordingly. Furthermore, we need to make some adjustments of the
verification and falsification conditions for ®, @, b, and n:

wiFTA®B if wiFt A®@ w -t B;
wlF" A®B iff wlF~ A® wl-— B;
wiFtAeB iff wiFrA@w -t B;
wlF- Ao B iff wiF A®wl-— B.
wlFE b iff b
=(w IF* n) iff m,

where w I A® w F* B, w F* A @ w IF* B are understood as
wlFt AAwIFE B and w IFT AV w IF* B, respectively. Note that even
though we treat ® and @ as some sort of metalanguage conjunction or
disjunction, they are independent operators, as the following definition
shows.

Note also that the treatment of b and m is similar, i.e., they are un-
derstood as w IF" bAw IF~ b and =(w - n) A=(w IF~ n), respectively.
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DEFINITION 4.1. Let ¢ be a regular metalogical formula. The formula
% is now inductively defined as follows:®

=“wR*u =wR*u
“wlkt A = wlt~ A, A¢ {b,n}
swlF— A = wltt A A ¢ {b,n}
=b = b
=m = m
Y®0 = Y®0
“Y®0) = we-0
v®O = pdI
=y ®0) =) @ =0

If ¢ is a regular metalogical formula, then % is said to be an L-regular
metalogical formula.

OBSERVATION 4.1. For each BKO, O_-formula A, p iff w -+ A just in
case =p iff wlF~ A.

PRrOOF. The proof is by induction on A and follows the proof of Obser-
vation 2.4. We only need to prove the observation for the operators ®
and &.

Suppose A = A® B:

p iff wiFrTA®B sp iff wi-~ A® B
iff wFcF A®wl-t B iff wF-A®wl-— B
=7 iff S(wiF A®w T B) if SwiFFA®—-wlF+ B
iff swlkt A® =wl-* B iff s(wlkt A® w -+ B)
iff wF A®wl-— B “p iff wiH A®wl-t B
iff wi-~ A®B if wikt A®B

The proof for A = A @ B is similar.

The proof for A = T is a degenerate case, since =(w IF~ T) and
w IFT T, but neither =(w IF™ T) nor w IF~ T, hence the equivalence is
trivially true. As for A = b and A = n, the equivalences are trivially
true, as well. =

OBSERVATION 4.2. The set of connectives {V,\, ®,®, —,~,0,,0_, 1,
T,b,n} is a set of BK"+" - -regular connectives.

5 The definitions for the other metalogical connectives are just like in Defini-
tion 2.2.
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THEOREM 4.3. In the class of BK"+"~-regular connectives the set of
connectives {V,\,®,®, —, ~, 04, 0_, 1, T, b,n} is functionally com-
plete. In other words, if an n-ary (n > 1) connective % is defined
by means of a BK"+"~-regular metalogical formula B, then there is a
BK"+"~-formula A such that the following holds: 7 ¢» w IFT A (and
Sp«rwl-T A).

PRrROOF. Since the following proof works like the proof for Theorem 2.6,
we only show the theorem by induction on the degree of quantification
of  for the additional operators.

Suppose d(@) = 0, then let A be the result of replacing every oc-
currence of ® by ® and every occurrence of @ by @. Furthermore, we
replace every occurrence of w [T T by T, w IF~ T by ~T, and every
occurrence of b by b. Finally, we replace every occurrence of n by m.

Now, let d(®) > 0. Then there is a subformula of @ of the shape
Y u(wR*u — 0) or Ju(wRTu A 0), where 6 is quantifier free. By the
induction base case, 8 «» A for some L-formula. Now we have:

Yu(wRu — 0) iff wl-tOLA
Fu(wRTuA0) iff wlFt ~OL~A

If the subformulas ¥ u(wRTu — 0) and Iu(wR*u A ) in B are
replaced by their respective equivalents, the result is a BK™+"~-regular
metalogical formula which has one quantifier less than @, and hence the
induction hypothesis can be used. .

5. Discussion of the results

The main result of Section 3, Theorem 3.1, provides a method of proving
definitional equivalence for logics in certain languages with strong nega-
tion. In particular, we could apply this method to prove the definitional
equivalence of certain modal logics extending the non-modal fragment
{\/, /\7 ®, @, —, Y, J_, T, b7 n} of EBKDJrD_ .

Note that {V, A\, ®,®, —,~, L, T, b, n} is functionally complete in the
usual sense, cf. [11], whereas Lpga+o- is functionally complete only in
the class of BK™+"~-regular connectives. Moreover, the two notions of
functional completeness do not coincide. The BK"+"~-regular connec-
tives cannot define every truth-function definable from {V, A, ®, ®, —,
~, 1, T,b,n}. Take for example again the verification and falsification



658 S.P. OpiNTsov, D. SKURT AND H. WANSING

clauses for O: w IFT0O Aiff (w IFT AA=w -~ A)V(=w IFT AA=w IF~ A)
and wIF~O A iff (wlFT AA=w IF~ A)V (w IFT AAw IF— A). Tt is easy
to see that ¢ is not a BK™+“~-regular connective, since the negation
in front of a relational atom will disappear and, hence, this connective
cannot be expressed as a regular connective. This gives rise to the ques-
tion of how to close the gap between the functional completeness of the
non-modal fragment of BK"+"~ and the expressive incompleteness of
the logic in terms of definability by regular metalogical connectives.
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